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Learning of composite functions (deep learning)

Contents. This part of the course is about a special case of supervised learning:
the supervised learning of composite functions, aka. supervised deep learning.

» We define a family of (composite) functions in terms a compute graph.

» We describe two algorithms for computing partial derivatives (if these exist)
of such functions, forward propagation and backward propagation.
» In the exercises, we compare these algorithms.
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Learning of composite functions (deep learning)

Notation. Let G = (V, E) a digraph.
» Foranyv eV, let

P,={ueV|(u,v) € E} the set of parents of v (1)
Cy={weV|(v,w) € E} the set of children of v . (2)
» For any u,v € V, let P(u,v) denote the set of all uv-paths of G. (Any
path is a subgraph. For any node u, the uu-path ({u}, ) exists.)

Let G be acyclic.
» Forany v eV, let

Ay ={u eV |P(u,v) #0}\ {v} the set of ancestors of v (3)
D, ={w eV |P(w,w)#0}\ {v} the setof descendants of v . (4)
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Learning of composite functions (deep learning)

Definition. A tuple (V,D, D', E,0,{gvo: R — R}ve(pupy\v,eco) is called
a compute graph, iff the following conditions hold:

> G=(VUDUD' E) is an acyclic digraph.

» For any v € V, called an input node, P, = 0.

» For any v € D', called an output node, C, = (.

» For any v € D, called a hidden node, P, # ) and C, # 0.

Definition. For any compute graph
(V,D,D',E,0,{gpe: R — R}ve(pupn\v,ece), any v € VUDUD' and any
0 €O, let ays: RV — R such that for all # € RY:

woniiy = {7 ifoeV )
VAT gve(ap,6(2)) otherwise

For any # € © let fo: RV — R’ such that fo = aprg.
We call ayo(2) the activation of v for input & and parameters 6.
We call fp(Z) the output of the compute graph for input & and parameters 6.
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Learning of composite functions (deep learning)

Example. Consider V = {vg,v1,v2}, D = {vs}, D' = {v4} and the edge set

E of the digraph depicted below.

v O
(%1 O/Ug

V2

Vg

Consider, in addition, © = {60, 6} and

Gus0: R0t L R. g Zo + 00T,

Gugo: RU2 LRz, +afil .
The compute graph (V, D, D', E,0,{gvs0, gv,0}) defines the function

fo: RY 5 RP: x|—>xv2+(xv0+00xvl)91
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Learning of composite functions (deep learning)

Definition. Let (V, D, D', E,©,{gvo: R™ — R},c(pun)\v.6co) a compute
graph with |D’| =1 and © = R” for some finite set J # (). Let f be the family
of functions defined by this compute graph. The l>-regularized logistic
regression problem wrt. f, labeled data T' = (S,RY,z,y) and o € R has the
form

min ﬁ Z (—ysfg(:rs) + log (1 + 2f9(:c)>) loge H‘9|| 9)
seS

0crJ

Remark.
> (9) generalizes l>-regularized linear logistic regression
» (9) can be non-convex in case f is not linear in 6.
» If the partial derivative of f wrt. 8; exists for all j € J, we can search for a
local minimum using a steepest descent algorithm.
» To do so, we describe two techniques for computing Vg f, forward
propagation and backward propagation.
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Learning of composite functions (deep learning)

Lemma. Let j € J. For any v € V: 88‘*6’;9 =0. Foranyv € (DUD')\V:

Oty 0gue
= Auv 1
90, 2 5 ; (10)
u€(Ay,U{v})\V

with

9./
A= > 11 aiu,i‘ (11)

(VI E"eP(u,v) (v v')eE!

Remark. For any node u: Ay, = 1. For any u,v with P(u,v) = 0: Ay, =0.
Proof (idea).

Octpe 8gv9 0gve Ocvue
12
(‘)()‘,- Z Oy @0‘]' ( )
891}9 0gvo Ogus 0gvo Ogup Ocvyre
+ Z Oaye 006 + Z Z Oag Ooyrg 08
J UEPy u/ €Py, J

= repeated appllcation (12)

dgu g
SRR DS |

90,
u€(AyU{vP\V (V! EEP(uv) (u’ ,v))EE
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Learning of composite functions (deep learning)

Lemma (forward propagation). For all nodes u # w such that P(u,w) # (:

Proof.

(V/,E"eP(u,w) (v ,v')EE’

> >

vEPy, (V! E")eP(u,w) (u/,v)eEE"U{v,w}

>

VE Py

=2

VE Py,

Auw

agwe
aav&

8911}0
aav@

_ z 0gwe A,
aavB
vE Py,
agv’@
aau’G

8Ozu/9

agv’@
8au’6‘

(V" E")eP(u,v) (u/,v")eE"

H 891}’9

(13)
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Learning of composite functions (deep learning)

The forward propagation algorithm computes A, for one node u and all
nodes w. It is defined wrt. an arbitrary partial order <p of the nodes such that

Ywe DUD' Yw € Py: w <pw . (14)

Input:
Compute graph (V,D, D', E,©,{gwo: R™ — R}uec(pup/)\v.0co)
Nodewu e VUDUD’

for w ordered by <p (14)
if w=u
Apw =1
else if P(u,w) =10
Auw =0
else
Auw = Toep, 5522 Auo (13)
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Learning of composite functions (deep learning)

Lemma (backward propagation). For all nodes u # w such that P(u,w) # 0:

Buw = 37 2000 5 (15)

da
vECy, u9

Proof.

Auw Z 8911’0

Oty
(V',E")eP(u,w) (u' v )eE’ u'0

0gy
IS I 52

vECy (V! E")YEP(v,w) (u/,w')EE"U{(u,v)}

_ Z Ogve )
vEC, o (VI B P (v,w) (u W) B daro
_ Z 391;0
vECy, 8aug
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Learning of composite functions (deep learning)

The backward propagation algorithm computes A, for one node w and all
nodes u. It is defined wrt. an arbitrary partial order <¢ of the nodes such that

YVue VUD Yoe(Cy: v<cu. (16)

Input:
Compute graph (V,D, D', E,0,{g.o: R — R}ye(pupnv,0co)
Node w € VU DU D'

for u ordered by <¢ (16)
if u=w
Ay =1
else if P(u,w) =10
Auw =0
else
Avw =Y ecn 222 Do (15)
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