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Conditional Graphical Models

Contents. This part of the course is about supervised structured learning of
conditional graphical models.
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Conditional Graphical Models

Definition. For any factor graph G = (S, F, E), a function H : {0,1}° — R is
said to factorize w.r.t. G iff, for every f € F, there exists a function a function
hy:{0,1}5f = R, called a factor of H, such that

vy €{0,1}%: H(y) =Y hy(ys,) - (1)

fer

Example: A function H : {0,1}® — R factorizes w.r.t. the factor graph

0 1 2

F
0 01 1 12 2

iff there exist suitable functions ho, ho1, h1, hi2, he such that, for any
y € {0,1}%: H(y) = ho(ys) + ha1(y1) + h2(y3) + ho1 (yo, y1) + P2 (1, v2).
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Conditional Graphical Models

Definition. A tuple (S, F,E,{Xf}scr,©,{hs}rer) is called a conditional
graphical model with attribute space X := HfEF Xy and parameter space ©
iff the following conditions hold:

» (S,F,E) is a factor graph
> OA£D

» For every f € F:
» X is non-empty, called the attribute space of f

S
> hy: 0 — RXAOU called a factor.

The family H : © — RX*{%13% gych that

VGG@VxEXVyG{O,I}S: ngy th@ :Ef,ysf (2)
feF

is called the family of energy functions of the conditional graphical model.
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Conditional Graphical Models

Family of Functions

We consider a conditional graphical model (S, F, E,{Xf}ser,©,{hs}rcr)
and its family H of energy functions.

We assume that © is a finite-dimensional, real vector space, i.e., there exists
a finite, non-empty set J and © = R,

We assume that every function hy is linear in O, i.e., for every f € F, there
exists a p; : X; x {0,1}°F — R’ such that for any z; € Xy, any

ys,; €10, 1}5¢ and any 6 € ©:

heo(zs,ys,) = (0, ¢¢(xf,ys,)) (3)
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Conditional Graphical Models

For convenience, we define £ : X x {0,1}° — R’ such that for any € X and
any y € {0,1}°:

£(x7y) = wa(xf,ysf) (4)
feF
Thus, we obtain for any § € ©, any x € X and any y € Y:

Hy(z,y) = > hrolzs,ys;)

feF

= Z <97 @f(xﬁ ys‘f)>

feF

= <97 Z ‘pf(xfzysf)>

feF

= (0,¢(z,y)) ()
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Conditional Graphical Models

jeJ

©; O—

X

Probabilistic Model

» Let X be a random variable whose value is an element z € X of the

attribute space.

» Let ) be a random variable whose value is a combination of decisions

y€{0,1}°

» For any j € J, let ©; a random variable whose value is a parameter §; € R
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Conditional Graphical Models

Factorization

» We assume:
P(x,,0) = P(Y | X,0) P(X)[] P(®, (6)
JjEJ
» Thus:

P(X,Y,0)

POIED= " y)

Py |x.0) [ r©)) (7)
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Conditional Graphical Models

Distributions

Definition. For any conditional graphical model, the partition function

Z: X x © — R and Gibbs distribution p: X x {0,1}% x © — [0,1] are defined

by the forms

Z(x,0) = Z e Ho@w)

ye{0,1}5

1 e~ Ho(@y)

p(y,z,0) = m

We consider a o € R™ and
pyixe(y,©,0) = ——e

. 1 02 /252
VjeJ: pe,(0;) = —=e 05/207

(8)

(10)

(11)
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Conditional Graphical Models

Lemma. Estimating maximally probable parameters 6, given attributes x and
decisions y, i.e.,

argmax  pe|x,y(0,,y)
[23:34

is identical to the supervised structured learning problem w.r.t. L, R and X such
that

L(Ho(z,+),y) = Ho(z,y) + In Z(,0) (12)
= Hyp(z,y) +In Z e~Ho@y) (13)
y'€{0,1}°
= (0.€@ )+ Y e PV (14)
y'€{0,1}°
R(0) = |10]I3 (15)
1
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Conditional Graphical Models

Lemma: The first and second partial derivatives of the logarithm of the partition
function have the forms

0 1 Yo (0:€(z,y")

—InZ= > —&(x,y'))e Y 17

a9, Z(x,0) y,e{m}s( 1) ()
= Eypyn 0 (=&, y)) (18)

2

2 = By npy p o &2,y )k (2,9))

- Ey/NPy\X,@ (é‘j(‘r, y/))]Ey’prw,@ (é‘k(‘r7 y/))
= Covy/r\‘pypg)@(gj(x7yl)7£k(w7yl)) (19)

90, 00y,

Lemma: Supervised structured learning of a conditional graphical model is a
convex optimization problem.
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Lemma: Estimating maximally probable decisions y, given attributes = and
parameters 6, i.e.

argmax  py|x,e(z,y,0) (20)
y€{0,1}%

is identical to the structured inference problem with f[(x,y) = Ho(z,y).
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Conditional Graphical Models

Summary. Supervised structured learning of conditional graphical models whose
factors are linear functions is a convex optimization problem.
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Conditional Graphical Models Il

Contents. This part of the course introduces algorithms for supervised
structured learning of conditional graphical models.
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Conditional Graphical Models Il

On the one hand, supervised structured learning of conditional graphical models
whose factors are linear functions is a convex optimization problem.

Thus, it can be solved exactly by means of the steepest descent algorithm with
a tolerance parameter € € R{":

0:=0
repeat
d:= VeL(Hg(l’, ~),y)
n = argmin, g L(Hyp_ya(z,-),y) (line search)
0:=0—nd
if [|d]] < e
return 6
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S‘):
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Conditional Graphical Models Il
On the other hand, computing the gradient naively takes time O(2|S‘):

9]
— % InZ=Eypyveo (& (z,y")
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S‘):

o
— - Z=Eyp, o (@ y)

69j
1 x 4
Z [ Z J'(x,yl)e (0,6(=,y"))
(z,0) , sg
y'€{0,1}
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S|):
Ie]
— % InZ=Eypyveo (& (z,y")

1 Z &(x,y) e~ (OE@YD)

Z(z,0) Seoa}s
1 o
" Z(x,0) Do > erilzgys,)e (0,¢(x,y"))

y'€{0,1}5 fEF
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S|):
Ie]
——InZ = Ey’NPyme,(—) (& (=, y'))

00
1 .
APy E : Ei(x,y)e (6:&(z,y")
(I, ) ’ S
y'e{0,1}

Z Z eriley, ysf —(O:8@y)

y'€{0,1}5 fEF

- x9) Z Z Z ‘Pfj(gﬂfaZ;’é*(f))e_w’g(g“’y/)>

TEE g (1) 005D w55 (0,13 5VSD

Z(x,0)
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S|):
Ie]
——InZ = Ey’NPyme,(—) (& (=, y'))

90,
1 .
E : Ei(x,y)e (6:&(z,y")

2(,9) y’'€{0,1}5
-1 —(0,6(y"))
" Z(z,0) 2. D enslenvse

y'€{0,1}5 fEF

- x9) Z Z Z ‘Pfj(gﬂfaZ;’é*(f))e_w’g(g“’y/)>

TEE g (1) 005D w55 (0,13 5VSD

1 —(0 4
Y S enbnbigegy X e
ferf.;(f)E{O,l}S(f) ) y,s\s(f)e{o’l}s\s(f)

16/29



Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S|):
Ie]
——InZ = Ey’Nwa,(—) (& (=, y'))

26,
1 veas
> &lay)er OEEYD

Z(z,0) Seoa}s
1 e
" Z(x,0) > Z‘pfj(zﬁyfgf)e (0.6(z.y")

y’'€{0,1}S feF

- x9) Z Z Z ‘Pfj(gﬂfaZ;’é*(f))e_w’g(g“’y/)>

FEF y 1y €10.135U) w4y €{0,135\S D)

1 w0 ,
=2 > Sofj(fvf,y%m)m S e Oty
TEF gy eto} 5D " Yl sy €035\

=> Yo er@nys) Pys1x.e Wiy | 2,0)
FEFy  €{0,1}5
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Conditional Graphical Models Il

On the other hand, computing the gradient naively takes time O(2|S|):
Ie]
——InZ = Ey’Nwa,(—) (& (=, y'))

00,
1 veas
g 2 &lay)er (0w

(m7 ) ’ s

y’€{0,1}

Z Z ‘Pfj(wf7yqu)e*<9v§(z,y’)>

y’'€{0,1}S feF

- x9) Z Z Z ‘Pfj(gﬂfaZ;’é*(f))e_w’g(g“’y/)>

FEF y 1y €10.135U) w4y €{0,135\S D)

1 w0 ,
=2 > Sofj(fvf,y%m)m S e Oty
TEF gy eto} 5D " Yl sy €035\

Z(z,0)

=> Yo er@nys) Pys1x.e Wiy | 2,0)
FEFy  €{0,1}5

- Z v ~p, o(wf](mf yS(f)))
FeF s TPYs (X
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Conditional Graphical Models Il

Computing the gradient requires that we compute

» the partition function

Z(z,0) = Z o (06 y")

y'e{0,1}5

(21)
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Conditional Graphical Models Il

Computing the gradient requires that we compute

» the partition function
Z(z,0)= Y e (Ot (21)
y'€{0,1}%

» for every factor f € F, the so-called factor marginal

1 _ "
pys(f)\X’@(yf‘J(f) | z,0) = Z(z,0) Z e~ (Oelewy (22)

Ys\s(p) €L01FNID
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Conditional Graphical Models Il

Computing the gradient requires that we compute

» the partition function
Z(z,0)= Y e (Ot (21)
y'€{0,1}%

» for every factor f € F, the so-called factor marginal

1 _ o0
pys(f)\X’@(yf‘J(f) |m’9) = Z(x 9) Z € (O8G@y (22)

Ys\s(p) €L01FNID

» for every factor f € F, the expectation value

> @ri(Ts:Ys) Pyg 12,0 Ys(r) | 2,60) (23)
vy €10,135D
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Conditional Graphical Models Il

Computing the gradient requires that we compute

» the partition function
Z(z,0)= Y e Oty (21)
y’€{0,1}5

» for every factor f € F, the so-called factor marginal

‘ L —(6,&(z,y"))
Pysplxe s | 2, 0) = Z(z,0) Z e y (22)
Yo\ () €015\

» for every factor f € F, the expectation value

> @ri(Ts:Ys) Pyg 12,0 Ys(r) | 2,60) (23)
V() Elo D
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Conditional Graphical Models Il

The challenge is to sum the function

over assignments of 0 or 1 to linearly many (22) or all (21) variables v/’

Defining

we obtain

7/’6(177?!/) .— o (0:8(=yY)

Vro(Tr,ys(p) = em Oerler s

bo(z,y') ——(0:6(@y")
— e~ Zrerl0ps(@russ))

_ H e (Oeslerysin))
fer

= [ %resuss) -

fer

(24)

(25)

(26)
(27)

(28)
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Conditional Graphical Models Il

Thus, the challenge in (22) and (21) is to compute a sum of a product of
functions. Specifically:

Z(z,0)= > ] vrelryse) (29)
y'€{0,1}5 feF
1
pys(f)\?ﬁ@(yfg(f) | x>6) = Z(ZL‘ 9) Z H wfﬂ(wfvys(ﬁ) (30)
T Vs €0\ FEF

» One approach to tackle this problem is to sum over variables recursively.

» In order to avoid redundant computation, Kschischang et al. (2001) define
partial sums.
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Conditional Graphical Models Il

Definition (Kschischang et al. (2001)) For any variable node s € S and any

factor node f € F, the functions
Msf,Mfss: {0,1} = R,

called messages, are defined such that for all y; € {0, 1}:

ms—f(ys) = H mygr—ys(Ys)

FrER(\{f}
myss(ys) = Y. Ype(zrusey) [ mesr(ue)
YS(H\{s} s'eS(H\{s}

(31)

(32)

(33)
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Conditional Graphical Models Il

Lemma. If the factor graph is acyclic, messages are defined recursively by (32)
and (33), beginning with the messages from leaves. Moreover, for any s € S and
any f € F:

Z H myrys(Ys) (34)

ys€{0,1} f'€F(s)

1
pys(f)\k,@(?/é(f) |$,9) Z( )¢f9 zf, yS(f) H Mg f ys (35)
s'eS(f)

The recursive computation of messages is known as message passing.
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Conditional Graphical Models Il

Summary

» For conditional graphical models whose factor graph is acylic, the
supervised structured learning problem can be solved efficiently by means of
the steepest descent algorithm and message passing.

» For conditional graphical models whose factor graph is cyclic, the definition
of messages is cyclic as well. The partition function and marginals cannot
be computed by message passing in general.

» A heuristic without guarantee of correctness or even convergence is to
initialize all messages as normalized constant functions and to update
messages according to some schedule, e.g., synchronously. This heuristic is
commonly known as loopy belief propagation.
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Conditional Graphical Models IlI

Contents. This part of the course introduces algorithms for supervised
structured inference with conditional graphical models.
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Conditional Graphical Models IlI

The inference problem w.r.t. a conditional graphical model has the form of an
unconstrained binary optimization problem:

argmin Hy(z,y) (36)
ye{0,1}S

It is NP-hard. (This can be shown, e.g., by reduction of binary integer
programming, which is one of Karp’s 21 problems).
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Conditional Graphical Models IlI

We consider transformations that change one decision at a time:

Definition. For any s € S, let flip,: {0,1}° — {0,1}* such that for any
y€{0,1}° and any t € S:

flip,[y)(t) = {1 Tu = (37)

Yt otherwise

The greedy local search algorithm w.r.t these transformations is known as
Iterated Conditional Modes, or ICM (Besag 1986).

y' =icm(y)

choose s € argmin Hy(z, flip,/ [y]) — Ho(z,y)
s'esS
if Ho(=, flip, [y]) < Ho(z,y)
y' = iem(flip, [y])
else
Yy =y
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Conditional Graphical Models IlI

» The inference problem consists in computing the minimum of a sum of
functions:

argmin Hy(z,y)
ye{0,1}5

= argmin Z hyo(xy,ys(r)) (38)
ye{0,1}5 ycp

» This problem is analogous to that of computing the sum of a product of
functions (from the previous lecture) in that both (R, min,+) and (R, +,-)
are commutative semi-rings.

» This analogy is sufficient to transfer the idea of message passing, albeit
with messages adapted to the (R, min, +) semi-ring:
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Conditional Graphical Models IlI

Definition. (Kschischang 2001) For any variable node s € S and any factor
node f € F, the functions

HPs—fof—st {071} —-R P (39)

called messages, are defined such that for all y, € {0,1}:

psop(ys) = Y ppros(ys)

freF(s)\{f}
(40)
His(ys) = min ho(zg,ys(s)) + Z fust— 5 (Ys')
s\ (s} €101} N s€S(H\{s}
(41)

27/29



Conditional Graphical Models IlI

Lemma. If the factor graph is acyclic, messages are defined recursively by (40)
and (41), beginning with the messages from leaves. Moreover, for any s € S:

argmin Hy(z,y)
ye{0,1}9

= min heo(xy,
y€{0,1}5 erF f ( f yS(f))

= min > ppo.(ys) (42)

ys€{0,1} Frer(s)

Proof. Analogous to that of Lemma 18 in the lecture notes.
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Conditional Graphical Models IlI

Summary

» For conditional graphical models whose factor graph is acylic, the inference
problem can be solved efficiently by means of min-sum message passing.

» For conditional graphical models whose factor graph is cyclic, one local
search algorithm for the inference problem is known as Iterated
Conditional Modes (ICM).
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