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Classifying

Contents.

» This part of the course introduces the problem of classifying data w.r.t. any
given finite number of classes.

» This problem is introduced as an unsupervised learning problem
w.r.t. constrained data whose feasible labelings are characteristic functions
of maps.
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Classifying

A map ¢: A — B is a binary relation ¢ C A x B with the properties

Vae AIbe B: (a,b) €
Va€ AVbb € B: (a,b)€p A (a,b)€p = b=V .

They are characterized by those functions y : A x B — {0, 1} that satisfy

Va € A: Zyabzl.

beB

(1)
(2)

3/15



Classifying

We reduce the problem of learning and inferring maps to the problem of learning
and inferring decisions, by defining constrained data (5, X, z,Y) with

S=AxB (4)

VaGA:E:%b—l}. (5)

beB

Y= {y € {0,1}°

More specifically, we consider
» a finite, non-empty set V, called a set of features
» the feature space X = B x RY such that, for any (a,b) € A x B, the

class label b is the first feature of (a,b), i.e.:
Vac AVbe B3z €RY: x4 = (b7) (6)
We consider linear functions with a separate set of coefficients for every class
label. Specifically, we consider @ = RZ*V and f : © — R such that

VocOVbe BVEERY:  fo((b,2) =D Obodv = (0h,3) .  (7)
veV
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Classifying

Xab

Opy OO Yap

veV a€ A

beB

Y

Oz

Probabilistic model:

» For any (a,b) € A x B, let X, be a random variable whose value is a
vector xq, € B x RV, the feature vector of (a,b).

» For any (a,b) € A x B, let Yo, be a random variable whose value is a
binary number yq;, € {0, 1}, called the decision of classifying a as b

» Forany b € B and any v € V, let O, be a random variable whose value is
a real number 6, € R, a parameter of the function we seek to learn

> Let Z be a random variable whose value is a subset Z C {0, 1}**? called
the set of feasible decisions. For multiple label classification, we are
interested in Z = ), the set of the characteristic functions of all maps from
A to B.
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Classifying

Xab

Opy OO Yap

veV a€ A

beB

Y
Oz
Probabilistic model: We assume the factorization

P(X,Y,2,0)=P(Z|Y) [[P(Var | Xa5,0) []P(®r0) [ P(Xas)
(a,b)EAXB (b,v)EBXV  (a,b)eAXB
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Classifying

» Supervised learning:

P(@|X,Y,Z):P§((+;/Z’Z?)
_P(ZIY)P(YIXG)P( ) P(©)
P(Z| X,Y)P(X,Y)
7P(Z|Y) P(Y | X,0) P(X) P(©)
P(Z|Y)P(X,Y)
_ P(Y]X,0)P(X)P(O)
P(X,Y)
P(Y | X,0) P(©)
= [I POwlXw.0) [ PO
(a,b)eAxB (b,v)eBXV
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Classifying

» Inference:

P(Y | X, Z,60) = %
_P(Z|Y)P(Y|X,0)P(X)P(O)
N P(X,Z,0)

x P(Z|Y)P(Y | X,0)

=PZ|Y) ][] POV l|Xaw,0©)
(a,b)eAXB
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Classifying

» Sigmoid distribution

1
Ya € AVbe B: pYab‘Xabve(l) = m (8)
1 |
Kl
g 0.5 =
><c
SH
0 | | | | | |

9/15



Classifying

» Normal distribution with o € R™:

L —62,/202
YVboe BYveV: o, (Opy) = ——e "bv 9
pobv( b ) U\/ﬂ ( )
0.4 -
<
= 02| .
0)
S
Us ! ! ! ! ! i
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Classifying

» Uniform distribution on a subset

1 ifyeZ

VZ C{0,13F vy € {0, 3P pyy(2,y) .
0 otherwise

Note that pz|y (), y) is non-zero iff the relation y~'(1) C A x B is a map.
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Classifying

Lemma. Estimating maximally probable parameters 6, given features = and
decisions y, i.e., argmax,ycpexv Po|x,v,z (0, T,y,)) separates into |B]
independent [>-regularized logistic regression problems, each with parameters in

RY.
Proof. Analogous to the case of deciding, we now obtain:

argmax pe\x,y,z(9,307y7y)
9cRBXV

= argmin Z (_yab fo(zap) + log (1 + 2f9(wab)))

BXV
HEREX (a,b)EAXB

log e

sl IR

Consider the unique 2’ : A x B — RY with V(a,b) € A x B: 24 = (b, 24;).
loge

. 0.,
i T (st e (143049))
(a,b)eAxB
/ 1
"o (Z (= 00, ws) + log (1 2%} ) + ZE2 g, ||2>
OcRBXV
beB \a€cA
. o ]
= min (Z (—yab(eb,,x;b) + log (1 + 2% ab))) oge H9b ”2>
0y,.€RV
beB a€A
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Classifying

Lemma. For any constrained data as defined above, any 8 € RE*V and any
J:Ax B —{0,1}, § is a solution to the inference problem

min Z L(fo(zab), Yab) (10)

VEY abyeAxB
iff there exists an ¢ : A — B such that

. ’
Vae A:  ¢(a) € max (O, Tap) (11)

and

V(a,b) e AX B: gap=1 < pa)=5b . (12)
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Proof.
2
(a,b)eAXB
= Z
(a,b)eAXB
- 5
(a,b)eAXB

(a,b)eAxB

=2 (-

acAbeEB

Classifying

L(fo(zab), Yab)

(L(fo(xab); 1) yab + L(fo(zab), 0) (1 = yas))
(L(fo(wab), 1) = L(fo(xab), 0)) yab + const.
(ffe (Zab)) Yab

(= {05, Tab)) Yab

917 5 xab Yab

Tab

= (ba m;b)
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Classifying

Summary.

» Classification can be cast as an unsupervised learning problem
w.r.t. constrained data defined such that the feasible labelings are
characteristic functions of maps.

» In the special case of supervised learning and the logistic loss function, this
problem separates into as many independent independent logistic regression
problems as there are classes. This is commonly called one-versus-rest
learning.
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